For states of quantum systems of N particles with harmonic interactions we prove that each reduced density matrix ρ obeys a duality condition. This condition implies duality relations for the eigenvalues λ k of ρ and relates a harmonic model with length scales ℓ 1 , ℓ 2 , . . . , ℓ N with another one with inverse lengths 1/ℓ 1 , 1/ℓ 2 , . . . , 1/ℓ N . Entanglement entropies and correlation functions inherit duality from ρ. Self-duality can only occur for noninteracting particles in an isotropic harmonic trap.
I. INTRODUCTION
Duality is an important concept in different branches of physics. It relates physical quantities and physical behavior of two different systems with each other. Prominent examples are the particle-wave duality in quantum mechanics and the duality of Maxwell's electrostatic and magnetostatic theory obtained by a Lorentz transformation from a rest frame to a moving one. The particle-hole duality (see e.g. [1] ) for models of electrons in solid state physics and the Kramers-Wannier duality [2] in statistical physics are further examples.
The latter relates the free energy of an Ising model with nearest neighbor coupling J on a 2-dimensional lattice L to the free energy of an Ising model with coupling J * on the dual lattice L * . In particular, it links the low temperature behavior of the lattice system L to the high temperature properties of the dual system. For a self-dual lattice, i.e. L = L * , like the square lattice, the duality allows to determine the critical point for the phase transition of the corresponding Ising model [2] .
An interesting duality has been discovered recently [3, 4] for the Moshinsky atom [5] , a two electron model, in three dimensions described by the hamiltonianĤ =ˆ 
for the Rényi entropy S q (Λ) = (1 − q) −1 ln Tr[(ρ 1 (Λ) q ] , q = 1, has been found [3] for the 1-particle reduced density operator (1-RDO) ρ 1 (Λ) of the ground state. Condition (1) means that for any given Λ ∈ (− 1 2
, 0) there exists a unique coupling constant Λ ′ (Λ) ∈ (0, ∞) (see Ref. [3] ) such that S q (Λ) = S q (Λ ′ (Λ)). For the ground state of a generalized [24] Moshinsky atom of three electrons in one dimension a similar duality has been observed for the natural occupation numbers λ
with [ℓ this kind of duality is not restricted to the ground state of the Moshinsky atoms with two or three electrons, but holds for any number N of electrons, and for all its eigenstates. In this communication we will answer three questions 1. What is the origin of that duality?
2. Does it hold for any harmonic model and for any N-particle eigenstate?
3. Is the duality also given for the eigenvalues of the M-particle reduced density operator (M-RDO) with M > 1 and what is the role of the exchange symmetry?
These questions are of fundamental relevance since reduced density operators (RDO) and their eigenvalues play an important role in atomic physics and quantum chemistry [9] [10] [11] .
They also have attracted strong attention in quantum information theory where the socalled quantum marginal problem is studied (see Refs. [12] [13] [14] [15] [16] [17] [18] ). It asks whether given density operators (marginals) for subsystems of a multipartite quantum system are compatible in the sense that they can arise from a common total state. One of the prime examples originating from quantum chemistry is the M-particle N-representability problem [9, 10] , the problem of describing the family of M-RDO which can arise from an antisymmetric N-particle state.
Stimulated by the results of Borland and Dennis [19] and Ruskai [20] , Klyachko [13, 14] in a ground-breaking work solved recently the 1-particle N-representability problem. His solution has revealed so-called generalized Pauli constraints, restrictions on the eigenvalues of the 1-RDO of fermionic systems, which are significantly strengthening Pauli's famous exclusion principle. Accordingly, answers to the questions raised above will add a new facet to the properties of RDO and their eigenvalues and therefore to this field of research.
II. HARMONIC MODEL
We consider a model for particles with mass m interacting harmonically. The corresponding hamiltonian is given byĤ For the case of identical particles the potential energy, the second term in Eq. (3), is invariant under particle permutations. This restricts {D rα,sβ } to two independent matrices D (1) and D (2) and the potential energy takes the form For the following technical analysis, to avoid annoying issues related to the dimensionality of physical quantities, we set several physical quantities as e.g. and m to 1 and treat any variable as e.g. positions x i , momenta p i and couplings D ij as dimensionless real numbers.
This could also be achieved by introducing an arbitrary length scale L and dimensionless
In position spaceĤ then takes the form
where x ≡ (x 1 , . . . , x N ) t ∈ R N and ∆ x is the corresponding Laplace operator.
The corresponding time-independent Schrödinger equation reads
To determine the eigenenergies E we just need to diagonalize the symmetric coupling matrix
where
is a diagonal matrix and R an orthogonal matrix. The coordinate transformation from x to the pseudo-positions y = R x is represented as a unitary
The transformed hamiltonian
where we introduced the dimensionless length scales
The normalized eigensolutions of H (y) are products of 1-particle states ϕ
H ν (z) are the Hermite polynomials. Then, the eigenstates of
For later purpose, we have made explicit the dependence of Ψ (ν) ℓ on ℓ ≡ (ℓ 1 , . . . , ℓ N ). Moreover, from Eq. (9) and the explicit form of the 1-particle states (10) we can infer a homogeneous structure,
Here we have introduced the unitary rescaling operator V N (α), which is rescaling the length by a factor α and is local,
Due to the harmonic character of the hamiltonian (4) it is worth studying the Schrödinger equation (5) also in the Fourier space. For this we introduce the Fourier transformation, a linear bounded operator on the space of Schwartz functions ϕ : R → C,
For all k ∈ N, F 1 gives rise to Fourier operator F k acting on Schwartz functions Φ : R k → C which is extended uniquely to the space L 2 (R k ) according to the Plancherel theorem [22] . By
Applying F N to Eq. (5) leads to the Schrödinger equation in momentum space
withΨ ≡ F N Ψ, the Fourier transformation of Ψ and
Due to the unitarity of F N , H (x) and H (p) have the same spectrum. Below we will see that this dual description, using either the position or the momentum space, is the origin of the duality of the M-RDO and of its eigenvalues.
The eigenvalue problem for H (p) can be solved similarly as that for H (x) . With the pseudo-momenta π = R p and Eqs. (6), (7), H (p) is transformed to
with the reciprocal (dimensionless) length scales
Notice that the hamiltonians (8) and (16) are identical up to a swapping of ℓ andl. Since
Consequently, we find
Relating this to Eq. (14) withΨ →Ψ (ν) ℓ finally yields the important relation
It states that applying the Fourier operator F N to an eigenstate of the hamiltonian (4) does only lead to a rescaling of the length scales, i.e. a replacement of ℓ byl according to Eq. (17).
III. REDUCED DENSITY OPERATORS
Instead of elaborating on eigenfunctions we focus on reduced density operators. To keep the notation simple we restrict ourselves for most of this section to N-particle systems with fermionic or bosonic exchange symmetry. The generalization to arbitrary/no symmetries will be discussed at the end of this section.
First, for a state Ψ ∈ L 2 (R N ) we define the corresponding density operator ρ :
Here, ·, · N is the inner product on L 2 (R N ) . By making use of the tensor product structure
where we introduced the partial trace Tr N −M [·] (see e.g. [23] ). Due to the exchange symmetry
is independent of the choice of the N − M particles that are traced out. Since
In quantum chemistry [9] ρ (M ) is typically represented w.r.t. a basis of L 2 (R M ) which leads to an infinite-dimensional M-particle reduced density matrix.
The 1-RDO, ρ (1) , plays a particular role, since its eigenfunctions {χ (1) k } provide a 1-particle description of the N-particle state Ψ (N ) with the corresponding eigenvalues {λ (1) k } as occupation numbers, where k ∈ N. In case of a 2-particle observableÂ (2) for a system of N identical particles, ρ (2) arising from Ψ (N ) is sufficient in order to calculate the expectation value Â (2) Ψ (N) . One important concept based on that is the simplified calculation of fermionic ground state energies: For hamiltonians with 2-particle interactions, the ground state can be obtained by minimizing the energy expectation value just over 2-RDO ρ (2) , which arise from N-fermion states Ψ (N ) . The underlying set of states ρ (2) is much smaller than that of N-fermion quantum states, but the problem is then to determine the set of possible ρ (2) 's, which is known as the 2-particle N-representability problem [10] . This makes obvious why reduced density operators particular for M = 1 and M = 2 are intensively studied in atomic physics and quantum chemistry, as well as, in quantum information theory as explained in the last paragraph of Section 1.
Before applying the concept of RDO to the eigenstates of our harmonic model (3) we comment on the relation of Fourier operators F
and partial traces. Since
is a unitary operator and partial traces are respecting the local tensor product structure of
This means that if N-particle density operators ρ andρ are conjugate by . Note that we skip the superscript ν to keep our notation simpler.
Since the Fourier transformation F k is not only a unitary operator but even an isometry (Plancherel theorem [22] ) we find for any Φ ∈ L 2 (R N ) by recalling Eq. (20) 
Hence, we haveρ ℓ = F N ρ ℓ F † N and according to the comment in the first two lines below Eq. (23)ρ
Eq. (25) 
This result for N-particle systems with fermionic or bosonic exchange symmetry can be generalized to arbitrary N-particle states. The only subtle difference is that without 
IV. DUALITY FOR EIGENVALUES AND INTERACTION MATRICES
In this section we work out the consequences of the duality condition (27) of M-RDO.
Since the Fourier operator F k is unitary the spectral consequences of result (27) 
wherel ≡l(ℓ) is given by Eq. (17) and we recall that we have skipped the superscript ν in (31), which labels the underlying N-particle energy eigenstate.
Identity (31) is our main result and it is the generalization of the duality condition (2) found in Ref. [6] . It does not depend on the use of dimensionless quantities and is valid for Since the d-dimensional harmonic model can also be represented by hamiltonian (3), the duality relation also holds for arbitrary dimensions.
Since {ℓ µ /ℓ µ+1 } µ=1,...,N −1 is in a one-to-one relation with the projective point [ℓ], we can follow Ref. [6] and introduce δ µ = ln(ℓ µ /ℓ µ+1 ) , µ = 1, . . . , N − 1. Then Eq. (31) becomes
where we used for the function on {δ µ } the same symbol λ order terms in each δ µ [25] . This has been the case for the ground state of the generalized Moshinsky atom investigated in Ref. [6] and has significantly simplified the perturbational analysis of the natural occupation numbers for weak couplings.
In the case of a r-fold degeneracy of the length scales ℓ µ , i.e. there exits µ such that ℓ µ = ℓ µ+1 = · · · = ℓ µ+r−1 , it is ℓ µ+ν /ℓ µ+ν+1 = 1 for ν = 0, 1, . . . , r − 2. Then, the number of variables in (32) is effectively reduced by (r − 1). This holds for the harmonic model studied in Ref. [6] where the degeneracy has led to ℓ 1 ≡ ℓ − and ℓ 2 = ℓ 3 = · · · = ℓ N ≡ ℓ + .
Consequently, duality condition ( 
V. DISCUSSION AND CONCLUSIONS
We have proven analytically that the recently discovered duality of the Rényi entropy (Ref. [3] ) and of the natural occupation numbers (Ref. [6] ) of the ground state of Moshinskytype atoms with two and three electrons, respectively, is generic for arbitrary N-particle systems with harmonic interactions, in any dimension. It originates from the duality of wave mechanics in position and momentum space in combination with the harmonic interactions.
The dualities (27) and (31) are valid for all RDO of any arbitrary pure N-particle eigenstate.
A possible fermionic or bosonic exchange symmetry for the case of identical particles is irrelevant. Moreover, duality also holds for arbitrary N-particle pure states of system (3), i.e. states of the form
ℓ , which even generalizes to mixed states. As a consequence, for spinful particles described by hamiltonian (3), the duality (31) holds for the eigenvalues of any orbital RDO. Moreover, it also holds for any full (i.e. spin including)
RDO.
What is the physical implication of that duality?
The kind of duality found here is quite analogous to the Kramers-Wannier duality, because the duality relation (27) or (31) allows to relate a harmonic model (3) 
withT the kinetic energy operator, α, β ∈ R + coincides with that in Eq. 
A modelĤ(D) is self-dual if its dual model belongs to the same equivalence class, i.e.
H(D * (D)) ∼Ĥ(D).
In that case it is straightforward to show that Eq. 
with D * (D) given by Eq. (34).
As an example, consider identical particles in one dimension. As explained in section 2 there are only two coupling parameters D (1) and D (2) . Like in Refs. [6, 7] there are just two length scales and their ratio depends on D (2) /D (1) , only. Then Eq. (34) leads to
1 + ND (2) /D (1) .
Since the eigenvalues D (1) and D behaviour, the duality found in the present contribution connects strongly localized states with ℓ µ "small" with weakly localized states of the dual model for which ℓ * µ is "large", or vice versa.
